Abstract. In this paper we present a characterization of Banach spaces possessing the Radon-Nikodym property in terms of the limit average range of additive interval functions defined on [0, 1] and taking values in a Frechet space.
Introduction and Preliminaries
In the paper [7] , it is shown that a Banach space X has the Radon-Nikodym property (RNP) if and only if for every X-valued additive interval function F : [0, 1] → X that has absolutely continuous McShane variational measure, the function F has the limit average range at almost all t ∈ [0, 1]. In this paper, we extend the last result to the Frechet spaces, Theorem 2.1.
There are also other characterizations of Banach spaces possessing the RNP in terms of additive interval functions, see [3] and [6] . A detailed study of Banach spaces possessing the RNP is presented in books [1] , [4] and [5] .
Throughout this paper, X is a Frechet space and τ = {p k : k ∈ N} is a countable family of continuous seminorms on X such that the topology of X is generated by τ and p k ≤ p k+1 , for all k ∈ N. We denote by X k the quotient vector space X/p
where w k = φ k (x), for some vector x ∈ w k+1 . By g k the continuous linear extension of g k to X k+1 is denoted. Let F : [0, 1] → X be a function and let t ∈ [0, 1] and δ > 0. We put
where A F (k) (t, δ) is the closure of A F (t, δ) with respect to the continuous semi-
We say that F has the limit average range at the point t if A F (t) is a bounded set and for each ε > 0 and each k ∈ N, there exists δ • A-tagged if for each (I, t) ∈ π, we have t ∈ A,
where supremum is taken over all 
A countable additive vector measure ν : L → X is said to be of bounded variation, if for each k ∈ N, we have that the countable additive vector measure φ k •ν is of bounded variation. The vector measure ν is said to be λ-continuous, if ν(E) = 0 whenever λ(E) = 0, E ∈ L. It is easy to see that ν is λ-continuous, if and only if each φ k • ν is λ-continuous.
We say that X has the Radon-Nikodym property (the RNP) if for each countable additive vector measure ν : L → X of bounded variation and λ-continuous, there exists an integrable by seminorms function f : [0, 1] → X such that ν(E) = E f dλ, for all E ∈ L. We refer to [2] for information about the integrability by seminorms and the strongly integrability. These notions coincide with Bochner integrability in a Banach space.
A Characterization of Frechet spaces possessing the RNP
The main result is Theorem 2.1. Let us start with the following auxiliary lemma. 
Proof. By Lemma 2.4 in [8] 
Suppose that an arbitrary k ∈ N is given. Since g k is a continuous and linear map, we get that
is a countably additive measure of bounded variation, λ-continuous and such that
Consequently, we obtain by uniqueness of F
Hence, the function F L : L → X is a countable additive vector measure of bounded variation and λ-continuous,
is such a vector measure. By (2.1) and (2.2), for each I ∈ I, we have also that φ k (F L (I)) = φ k (F (I)), for each k ∈ N. Since X is Hausdorff, the last result yields F L (I) = F (I), for all I ∈ I. Thus, F L is the desired vector measure and the proof is finished. Now we are ready to present the main result. 
Proof. (i) ⇒ (ii) Assume that (i) holds and for each
we obtain by Lemma 3.1 in [6] that each φ k • F is sAC and therefore F is sAC. Hence, by Lemma 2.1, there exists a countable additive vector measure ν : L → X of bounded variation, λ-continuous and such that
for every I ∈ I, (2.3) and since X has the RNP, there exists an integrable by seminorm function f such that ν(E) = E f dλ, for every E ∈ L. The last result together with Theorem 2.12 in [2] yields that each φ k • f is Bochner integrable and ( 
